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Abstract
Let µ1 ≥ µ2 ≥ · · · ≥ µn denote the Laplacian eigenvalues of G with n vertices. The
Laplacian-energy-like invariant, denoted by LEL(G) =
∑n−1
i=1
√
µi, is a novel topological in-
dex. In this paper, we show that the Laplacian-energy-like per vertex of various lattices is
independent of the toroidal, cylindrical, and free boundary conditions. Simultaneously, the ex-
plicit asymptotic values of the Laplacian-energy-like in these lattices are obtained. Moreover,
our approach implies that in general the Laplacian-energy-like per vertex of other lattices is
independent of the boundary conditions.
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1 Introduction
Throughout this paper we concerned with finite undirected connected simple graphs. Let G be
a graph with vertices labelled 1, 2, . . . , n. The adjacency matrix A(G) of G is an n × n matrix
with the (i, j)-entry equal to 1 if vertices i and j are adjacent and 0 otherwise. Supposed D(G) =
diag(d1(G), d2(G), . . . , dn(G)) be the degree diagonal matrix of G, where di(G) is the degree of the
vertex i, i = 1, 2, . . . , n. Let L(G) = D(G) − A(G) is called the Laplacian matrix of G. Then,
the eigenvalues of A(G) and L(G) are called eigenvalues and Laplacian eigenvalues of G, denoted
by λ1, λ2, . . . , λn and µ1, µ2, . . . , µn, respectively. The underlying graph theoretical definitions and
notations follow [5].
Gutman has defined the energy of a graph G with n vertices [2], denoted by E(G), as
E(G) =
n∑
i=1
|λi|.
Let G be a graph of order n with Laplacian spectrum µ1 ≥ µ2 ≥ · · · ≥ µn. The Laplacian-
energy-like invariant of G, LEL for short, is defined as
LEL(G) =
n−1∑
i=1
√
µi.
∗Corresonding author. Tel:+0551-6386-1835. E-mail: xfpan@ahu.edu.cn(X.-F. Pan),liujiabaoad@163.com(J.-B.
Liu), hufu@mail.ustc.edu.cn(F.-T. Hu), huayanyanhu@163.com(F.-F.Hu).
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The concept of LEL(G) was introduced by J. Liu and B. Liu ([11], 2008), where it was shown that
it has similar features as graph energy.
Gutman et al. pointed out in [4] that LEL(G) is more similar to E(G) than to LE(G). The
Laplacian-energy-like invariant describes well the properties which are accounted by the majority of
molecular descriptors: motor octane number, entropy, molar volume, molar refraction, particularly
the acentric factor AF parameter, but also more difficult properties like boiling point, melting
point and partition coefficient Log P. [9, 13]. D. Stevanovic´ et al. [13] have proved that LEL(G)
has the properties as good as the Randic´ χ index and better than the Wiener index which is a
distance based index. Besides, it is well defined mathematically and shows interesting relationships
in particular classes of graphs, these recommending LEL(G) as a noval and powerful topological
index.
The index has attracted extensive attention due to its wide applications in physics, chemistry,
graph theory, etc. [3, 12, 17]. Details on its theory can be found in the survey on the Laplacian-
energy-like invariant [9], the recent papers [15, 16], and the references cited therein. Due to its
structure, lattices are of special interest, especially the chemical and physical indices of some lattices
were studied extensively, see for instance [10, 18, 25].
One of reasons we investigated LEL(G) of lattices is that some physical and chemical indices of
lattices have been presented in [10, 25, 26], however, there is seldom results on LEL(G) of lattices.
Another reason is, there are a great deal of analogies between the properties of E(G) and LEL(G),
asymptotic energy of lattices has investigated in chemical physics[1, 23], it is natural for us to
consider asymptotic LEL(G) of various lattices.
The energy E(G) of toroidal lattices have been studied in [1], the Kirchhoff index of some
toroidal lattices has also investigated in [10], a very elementary and natural question is that if G
are lattices, how about LEL(G)? It is an interesting problem to study the Laplacian-energy-like
of some lattices with various boundary condition. Motivated by results above, we consider the
problem of computation of the LEL(G) of some lattices in this article.
The rest of the paper is organized as follows. In Section 2, we propose the asymptotic Laplacian-
energy-like of square lattices and give the related explanations. We provide a detailed derivation
of the asymptotic Laplacian-energy-like change due to edge deletion in Section 3. The asymptotic
Laplacian-energy-like of hexagonal, triangular, and 3342 lattices with three boundary conditions
are investigated in Section 4. We present concluding remarks and conclude the paper in Section 5.
2 Asymptotic Laplacian-energy-like of square lattices
Given graphs G and H with vertex sets U and V , the cartesian product GH of graphs G and H
is a graph such that the vertex set of GH is the cartesian product UV ; and any two vertices
(u, u′) and (v, v′) are adjacent in GH if and only if either u = v and u′ is adjacent with v′ in H,
or u′ = v′ and u is adjacent with v in G [5].
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Let PmPn, PmCn, and CmCn, denote the square lattices with free, cylindrical and toroidal
boundary conditions, respectively, where Pn and Cn denote the path and the cycle with n vertices.
Obviously, PmPn is a sequence of spanning subgraphs of the sequence PmCn of finite graphs, and
PmCn is a sequence of spanning subgraphs of the sequence CmCn of finite graphs. Particularly,
lim
m,n→∞
|{v ∈ V (PmPn) : dPmPn(v) = dCmCn(v)}|
| V (CmCn) |
= lim
m,n→∞
|{v ∈ V (PmCn) : dPmCn(v) = dCmCn(v)}|
| V (CmCn) | = 1,
that is, almost all vertices of CmCn and PmCn (resp. CmCn and PmPn) have the same
degrees. Let G1, G2 be graphs with adjacency matrices A1, A2, degree matrices D1, D2 and
Laplacan matrices L1,L2, respectively. Then L1 = D1 − A1, L2 = D2 − A2. If µi(G1), µj(G2) are
Laplacian eigenvalues of G1, G2, then the Laplacian eigenvalues of G1G2 are all possible sums
µi(G1)+µj(G2), as noted in [14]. On the other hand, it is well known that the Laplacian eigenvalues
of a path Pm and a cycle Cm are 2−2cos ipin (i = 0, 1, . . . , n−1) and 2−2cos2pijn (j = 0, 1, . . . ,m−1)
[14], respectively. Consequently, the Laplacian eigenvalues of PmPn (resp. PmCn and CmCn)
are 4 − 2cos ipi
m
− 2cos jpi
n
, i = 0, 1, . . . , n − 1; j = 0, 1, . . . ,m − 1 (resp. 4 − 2cos ipi
m
− 2cos2jpi
n
, i =
0, 1, . . . , n− 1; j = 0, 1, . . . ,m− 1 and 4− 2cos2ipi
m
− 2cos2jpi
n
, i = 0, 1, . . . , n− 1; j = 0, 1, . . . ,m− 1).
Therefore, the Laplacian-energy-like per vertex of PmPn, PmCn, and CmCn are defined as
1. lim
m→∞
lim
n→∞
LEL
(
PmPn
)
| V (PmPn) | = limm→∞ limn→∞
1
mn
m−1∑
i=0
n−1∑
j=0
√
4− 2cosipi
m
− 2cosjpi
n
=
∫ 1
0
∫ 1
0
√
4− 2cospix− 2cospiy dxdy = 1
pi2
∫ pi
0
∫ pi
0
√
4− 2cosx− 2cosy dxdy ≈ 1.9162.
2. lim
m→∞
lim
n→∞
LEL
(
PmCn
)
| V (PmCn) | = limm→∞ limn→∞
1
mn
m−1∑
i=0
n−1∑
j=0
√
4− 2cosipi
m
− 2cos2jpi
n
=
∫ 1
0
∫ 1
0
√
4− 2cospix− 2cos2piy dxdy = 1
2pi2
∫ pi
0
∫ 2pi
0
√
4− 2cosx− 2cosy dxdy ≈ 1.9162.
3. lim
m→∞
lim
n→∞
LEL
(
CmCn
)
| V (CmCn) | = limm→∞ limn→∞
1
mn
m−1∑
i=0
n−1∑
j=0
√
4− 2cos2ipi
m
− 2cos2jpi
n
=
∫ 1
0
∫ 1
0
√
4− 2cos2pix− 2cos2piy dxdy = 1
4pi2
∫ 2pi
0
∫ 2pi
0
√
4− 2cosx− 2cosy dxdy ≈ 1.9162.
The numerical integration value in last line is calculated with software MATLAB calculation.
Remark 2.1 By using computer software MATLAB, we can easily get that the above numeri-
cal integration values, which imply that PmPn, PmCn and CmCn have the same asymptotic
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Laplacian-energy-like LEL(PmPn) = LEL(PmCn) = LEL(CmCn) ≈ 1.9162mn as m,n ap-
proach infinity.
Remark 2.2 The asymptotic Laplacian-energy-like LEL(G) of square lattices is independent on
the three boundary conditions, i.e., the free, cylindrical and toroidal boundary conditions.
The phenomenon above is not accidental, the related explanations are proposed in next section.
Our method implies that in general the Laplacian-energy-like per vertex of lattices is independent
of the boundary conditions.
3 Graph asymptotic Laplacian-energy-like change due to edge
deletion
We propose a detailed derivation of the asymptotic Laplacian-energy-like change due to edge dele-
tion, in our proof, some techniques in [1] are referred to. Recall some results which will be used in
our discussion. The authors [11] verified the following theorem.
Theorem 3.1 ([11]) Let G be a graph on n vertices with m edges, then
√
2m ≤ LEL(G) ≤
√
2m.
The first equality is attained if and only if G ∼= Kn or K2 ∪ (n − 2)K1, and the second equality is
attained if and only if G ∼= rK2 ∪ (n− 2r)K1, where 0 ≤ r ≤ ⌊n2 ⌋.
According to Theorem 3.1, one can easily get that
Lemma 3.2 Let G be a graph on n vertices with m edges, then
LEL(G) ≤
√
2m < 2m.
The authors [6, 7] investigated how the energy of a graph changes when edges are removed, and
obtained the following consequence.
Lemma 3.3 ([6, 7]) Let H be an induced subgraph of a graph G. Then
E(G)− E(H) ≤ E(G − E(H)) ≤ E(G) + E(H).
In addition, the authors [1] obtained that
| E(G) − E(H) |≤ E(G − E(H)) ≤ E(G) + E(H).
With a similar method, one can prove the following result.
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Lemma 3.4 Let H be a subgraph of a graph G. Then
| LEL(G)− LEL(H) |≤ LEL(G− E(H)) ≤ LEL(G) + LEL(H).
Consider two graphs G and H (V (G) ∩ V (H) may be disjoint), denoted by
∆(G,H) =| E(G) | + | E(H) | −2 | E(G) ∩ E(H) |,
i.e., ∆(G,H) equals the number of edges of symmetric difference of E(G) and E(H).
Theorem 3.5 Let {Gn} and {Hn} be two sequences of graphs such that
lim
n→∞
∆(Gn,Hn)
LEL(Gn)
= 0.
Then
lim
n→∞
LEL(Hn)
LEL(Gn)
= 1.
Proof. Let Fn be the subgraph of Gn or Hn induced by E(G) ∩ E(H). Note that∣∣∣∣LEL(Hn)LEL(Gn) − 1
∣∣∣∣ =
∣∣∣∣LEL(Hn)− LEL(Gn)LEL(Gn)
∣∣∣∣ =
∣∣∣∣LEL(Hn)− LEL(Fn) + LEL(Fn)− LEL(Gn)LEL(Gn)
∣∣∣∣
≤
∣∣∣∣LEL(Gn)− LEL(Fn)LEL(Gn)
∣∣∣∣+
∣∣∣∣LEL(Hn)− LEL(Fn)LEL(Gn)
∣∣∣∣ .
By Lemma 3.2 and Lemma 3.4,
| LEL(Gn)− LEL(Fn) |≤ LEL(Gn − E(Fn)) ≤ 2 |E(Gn)| − 2 |E(Fn)| ,
| LEL(Hn)− LEL(Fn) |≤ LEL(Hn − E(Fn)) ≤ 2 |E(Hn)| − 2 |E(Fn)| .
Consequently,∣∣∣∣LEL(Hn)LEL(Gn) − 1
∣∣∣∣ ≤ 2
(
| E(Gn) | + | E(Hn) | −2 | E(Fn) |
)
LEL(Gn)
=
2∆(Gn,Hn)
LEL(Gn)
,
implying the theorem holds. 
Based on Theorem 3.5, one can straightforwardly arrive to that
Theorem 3.6 Let {Gn} be a sequence of finite simple graphs with bounded average degree such
that
lim
n→∞
|V (Gn)| =∞, lim
n→∞
LEL(Gn)
|V (Gn)| = h 6= 0.
Let {Hn} be a sequence of spanning subgraphs of {Gn} such that
lim
n→∞
∣∣v ∈ V (Hn) : dHn(v) = dGn(v)∣∣
|V (Gn)| = 1,
then
lim
n→∞
LEL(Hn)
|V (Gn)| = h.
That is, Gn and Hn have the same asymptotic Laplacian-energy-like.
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A direct sequence of Theorem 3.6 is that PnPn,PnCn, and CnCn have the same asymptotic
Laplacian-energy-like which is shown in the introduction. More generally, by Theorem 3.6, we have
Remark 3.7 Let Gi = Pn or Gi = Cn, i = 1, 2, . . . , k, and k be a constant. If n is sufficiently
large, then the asymptotic Laplacian-energy-like of the n-dimensional lattices
LEL(G1G2 . . .Gk) ≈ n
k
pik
∫ pi
0
∫ pi
0
. . .
∫ pi
0
√√√√ k∑
i=1
(
2− 2cosxi
)
dx1 dx2 . . . dxk.
Remark 3.8 Theorem 3.6 provides a very effective approach to handle the asymptotic Laplacian-
energy-like of a graph with bounded average degree.
We will use the approach above to deal with the asymptotic Laplacian-energy-like of some
lattices in the next subsections.
4 Asymptotic Laplacian-energy-like of some lattices
4.1 The hexagonal lattice
Our notation for the hexagonal lattices follows [1, 24]. The hexagonal lattices with toroidal, cylin-
drical and free boundary conditions, denoted byHt(m,n), Hc(m,n), andHf (m,n) are illustrated in
Figure 1, respectively, where (a1, b1), (a2, b2), . . . , (am+1, bm+1), (a1, c
∗
1), (c1, c
∗
2), (c2, c
∗
3), . . . , (cn−1, c
∗
n),
(cn, bm+1) are edges in H
t(m,n), and (a1, b1), (a2, b2), . . . , (am+1, bm+1) are edges in H
c(m,n)(see
Figure 1(b)). If we delete edges (a1, b1), (a2, b2), . . . , (am+1, bm+1) from H
c(m,n), then the hexag-
onal lattice, denoted by Hf (m,n), with free boundary condition is obtained (see Figure 1(c)).
Figure 1: (a) The hexagonal lattice Ht(m,n) with toroidal boundary condition; (b) the hexagonal
lattice Hc(m,n) with cylindrical boundary condition; (c) the hexagonal lattice Hf (m,n) with free
boundary condition.
A recent approach to compute the Laplacian eigenvalues of Ht(m,n) can be found in [3, 18, 19].
Using Equation (6.2.2) in [24], the Laplacian matrix L(Ht(m,n)) of Ht(m,n) is similar to the block
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diagonal matrix whose diagonal blocks are
Bij =
(
3 −1− ω−in+1 − ωjm+1
−1− ωin+1 − ω−jm+1 3
)
where ωs = cos
2pi
s
+ isin2pi
s
, i = 0, 1, . . . ,m; j = 0, 1, . . . , n. Hence the Laplacian eigenvalues of
Ht(m,n) are
3±
√
3 + 2cos
2pii
m+ 1
+ 2cos
2pij
n+ 1
+ 2cos
( 2pii
m+ 1
+
2pij
n+ 1
)
, i = 0, 1, . . . ,m; j = 0, 1, . . . , n.
By the definition of the Laplacian-energy-like, it is not difficult to prove the following result:
Theorem 4.1 For the hexagonal lattices Ht(m,n),Hc(m,n) and Hf (m,n) with toroidal, cylindri-
cal, and free boundary conditions. Then
1. lim
m→∞
lim
n→∞
LEL
(
Ht(m,n)
)
2(m+ 1)(n + 1)
= lim
m→∞
lim
n→∞
LEL
(
Hc(m,n)
)
2(m+ 1)(n + 1)
= lim
m→∞
lim
n→∞
LEL
(
Hf (m,n)
)
2(m+ 1)(n + 1)
≈ 1.6437.
2. LEL
(
Ht(m,n)
)
= LEL
(
Hc(m,n)
)
= LEL
(
Hf (m,n)
)
≈ 3.2714(m + 1)(n + 1).
Proof. By definitions of Ht(m,n),Hc(m,n) and Hf (m,n), it is obvious that Hc(m,n) and
Hf (m,n) are spanning subgraphs of Ht(m,n). Furthermore, the degree of almost all vertices of
Ht(m,n),Hc(m,n) and Hf (m,n) are 3. Hence, by Theorem 3.6, one can obtian that
lim
m→∞
lim
n→∞
LEL
(
Ht(m,n)
)
2(m+ 1)(n+ 1)
= lim
m→∞
lim
n→∞
LEL
(
Hc(m,n)
)
2(m+ 1)(n + 1)
= lim
m→∞
lim
n→∞
LEL
(
Hf (m,n)
)
2(m+ 1)(n + 1)
.
It suffices to prove that
lim
m→∞
lim
n→∞
LEL
(
Ht(m,n)
)
2(m+ 1)(n + 1)
= lim
m→∞
lim
n→∞
1
2(m+ 1)(n + 1)
m∑
i=0
n∑
j=0
√
3 +
√
3 + 2cosαi + 2cosβj + 2cos(αi + βj)
+ lim
m→∞
lim
n→∞
1
2(m+ 1)(n+ 1)
m∑
i=0
n∑
j=0
√
3−
√
3 + 2cosαi + 2cosβj + 2cos(αi + βj)
=
1
2
∫ 1
0
∫ 1
0
√
3 +
√
3 + 2cos2pix+ 2cos2piy + 2cos2pi(x+ y) dxdy
+
1
2
∫ 1
0
∫ 1
0
√
3−
√
3 + 2cos2pix + 2cos2piy + 2cos2pi(x + y) dxdy
=
1
8pi2
∫ 2pi
0
∫ 2pi
0
√
3 +
√
3 + 2cosx+ 2cosy + 2cos(x+ y) dxdy
+
1
8pi2
∫ 2pi
0
∫ 2pi
0
√
3−
√
3 + 2cosx+ 2cosy + 2cos(x+ y) dxdy
≈ 1.6437.
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The above numerical integration value implies that the hexagonal lattices Ht(m,n),Hc(m,n)
and Hf (m,n) with toroidal, cylindrical, and free boundary conditions have the same asymptotic
Laplacian-energy-like, i.e., LEL
(
Ht(m,n)
)
= LEL
(
Hc(m,n)
)
= LEL
(
Hf (m,n)
)
≈ 3.2714(m+
1)(n + 1) as m,n tends to infinity. 
4.2 The 3.12.12 lattice
Our notation for the 3.12.12 lattices follows [12, 25]. The 3.12.12 lattice with toroidal boundary
condition, denoted by J t(m,n), is the graph illustrated in Figure 2(a).
(a) (b) (c)
Figure 2: (a) The 3-12-12 lattice with toroidal boundary condition; (b) The triangular kagome´
lattice with toroidal boundary condition; (c) the 33.42 lattice with toroidal boundary condition.
Recently, the adjacency spectrum of 3.12.12 lattice has been proposed in [12].
Theorem 4.2 [12] Let J t(m,n) be the 3.12.12 lattice with toroidal boundary condition. Then the
adjacency spectrum is
SpecA(J
t(m,n)) = {−2,−2, . . . ,−2︸ ︷︷ ︸
(m+1)(n+1)
, 0, 0, . . . , 0︸ ︷︷ ︸
(m+1)(n+1)
}
⋃


1±
√
13± 4
√
3 + 2cosαi + 2cosβj + 2cos
(
αi + βj
)
2
: 0 ≤ i ≤ m, 0 ≤ j ≤ n


,
where αi =
2pii
m+1 , βj =
2pij
n+1 , i = 0, 1, . . . ,m; j = 0, 1, . . . , n.
The following result has been obtained in [22], which is an important relationship between
SpecA(G) and SpecL(G). Suppose that G is an r-regular graph with n vertices and SpecA(G) =
{λ1, λ2, . . . , λn}. Then
SpecL(G) =
{
r − λ1, r − λ2, . . . , r − λn
}
.
Note that J t(m,n) is the line graph of the subdivision of Ht(m,n) which is a 3-regular graph
with 2(m+ 1)(n + 1) vertices and J t(m,n) has 6(m+ 1)(n + 1) vertices. Hence, we arrive to that
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Theorem 4.3 Let J t(m,n) be the 3.12.12 lattice with toroidal boundary condition. Then the Lapla-
cian spectrum is
SpecL(J
t(m,n)) = { 5, 5, . . . , 5︸ ︷︷ ︸
(m+1)(n+1)
, 3, 3, . . . , 3︸ ︷︷ ︸
(m+1)(n+1)
}
⋃


5±
√
13± 4
√
3 + 2cosαi + 2cosβj + 2cos
(
αi + βj
)
2
: 0 ≤ i ≤ m, 0 ≤ j ≤ n


,
where αi =
2pii
m+1 , βj =
2pij
n+1 , i = 0, 1, . . . ,m; j = 0, 1, . . . , n.
By the definition of the Laplacian-energy-like LEL(G), one can easily arrive to the following
theorem.
Theorem 4.4 For J t(m,n), Jc(m,n) and Jf (m,n) with toroidal, cylindrical, and free boundary
conditions. Then
1. lim
m→∞
lim
n→∞
LEL
(
J t(m,n)
)
6(m+ 1)(n + 1)
= lim
m→∞
lim
n→∞
LEL
(
Jc(m,n)
)
6(m+ 1)(n + 1)
= lim
m→∞
lim
n→∞
LEL
(
Jf (m,n)
)
6(m+ 1)(n + 1)
≈ 1.3375.
2. LEL
(
J t(m,n)
)
= LEL
(
Jc(m,n)
)
= LEL
(
Jf (m,n)
)
≈ 8.0250(m + 1)(n + 1).
Proof. By definitions of Ht(m,n),Hc(m,n) and Hf (m,n), one can know that Hc(m,n) and
Hf (m,n) are spanning subgraphs of Ht(m,n). Furthermore, the degree of almost all vertices of
Ht(m,n),Hc(m,n) and Hf (m,n) are 3. Therefore, by Theorem 3.6 it is not difficult to arrive to
that
lim
m→∞
lim
n→∞
LEL
(
J t(m,n)
)
6(m+ 1)(n + 1)
= lim
m→∞
lim
n→∞
LEL
(
Jc(m,n)
)
6(m+ 1)(n + 1)
= lim
m→∞
lim
n→∞
LEL
(
Jf (m,n)
)
6(m+ 1)(n + 1)
.
It suffices to prove that
lim
m→∞
lim
n→∞
LEL
(
J t(m,n)
)
6(m+ 1)(n + 1)
= lim
m→∞
lim
n→∞
1
12(m+ 1)(n + 1)
m∑
i=0
n∑
j=0
√√√√
5−
√
13− 4
√
3 + 2cosαi + 2cosβj + 2cos
(
αi + βj
)
+ lim
m→∞
lim
n→∞
1
12(m + 1)(n + 1)
m∑
i=0
n∑
j=0
√√√√
5−
√
13 + 4
√
3 + 2cosαi + 2cosβj + 2cos
(
αi + βj
)
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+ lim
m→∞
lim
n→∞
1
12(m + 1)(n + 1)
m∑
i=0
n∑
j=0
√√√√
5 +
√
13− 4
√
3 + 2cosαi + 2cosβj + 2cos
(
αi + βj
)
+ lim
m→∞
lim
n→∞
1
12(m + 1)(n + 1)
m∑
i=0
n∑
j=0
√√√√
5 +
√
13 + 4
√
3 + 2cosαi + 2cosβj + 2cos
(
αi + βj
)
+
√
3 +
√
5
6
=
1
12
∫ 1
0
∫ 1
0
√√√√
5−
√
13− 4
√
3 + 2cos2pix+ 2cos2piy + 2cos2pi
(
x+ y
)
dxdy
+
1
12
∫ 1
0
∫ 1
0
√√√√
5−
√
13 + 4
√
3 + 2cos2pix+ 2cos2piy + 2cos2pi
(
x+ y
)
dxdy
+
1
12
∫ 1
0
∫ 1
0
√√√√
5 +
√
13− 4
√
3 + 2cos2pix+ 2cos2piy + 2cos2pi
(
x+ y
)
dxdy
+
1
12
∫ 1
0
∫ 1
0
√√√√
5 +
√
13 + 4
√
3 + 2cos2pix+ 2cos2piy + 2cos2pi
(
x+ y
)
dxdy +
√
3 +
√
5
6
≈ 1.3375.
The above numerical integration value implies that J t(m,n), Jc(m,n) and Jf (m,n) have the
same asymptotic Laplacian-energy-like, i.e., LEL
(
J t(m,n)
)
= LEL
(
Jc(m,n)
)
= LEL
(
Jf (m,n)
)
≈ 8.0250(m + 1)(n + 1) as m,n tends to infinity. 
4.3 The triangular kagome´ lattice
The triangular kagome´ lattice with toroidal boundary condition, denoted by TKLt(m,n), is de-
picted in Figure 2(b). Ising spins and XXZ/Ising spins on the TKLt(m,n) have been studied in
[20, 21]. In order to obtain the Laplacian-energy-like of the The triangular kagome´ lattice, we recall
the spectrum and the Laplacian spectrum of TKLt(m,n).
Theorem 4.5 [12] Let αi =
2pii
m+1 , βj =
2pij
n+1 , i = 0, 1, . . . ,m; j = 0, 1, . . . , n. Then the spectrum and
the Laplacian spectrum of TKLt(m,n) are
SpecA(TKL
t(m,n)) = {−2,−2, . . . ,−2︸ ︷︷ ︸
3(m+1)(n+1)
,−1,−1, . . . ,−1︸ ︷︷ ︸
(m+1)(n+1)
, 1, 1, . . . , 1︸ ︷︷ ︸
(m+1)(n+1)
}
⋃


3±
√
13± 4
√
3 + 2cosαi + 2cosβj + 2cos
(
αi + βj
)
2
: 0 ≤ i ≤ m, 0 ≤ j ≤ n


,
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and
SpecL(TKL
t(m,n)) = { 6, 6, . . . , 6︸ ︷︷ ︸
3(m+1)(n+1)
, 3, 3, . . . , 3︸ ︷︷ ︸
(m+1)(n+1)
, 5, 5, . . . , 5︸ ︷︷ ︸
(m+1)(n+1)
}
⋃


5±
√
13± 4
√
3 + 2cosαi + 2cosβj + 2cos
(
αi + βj
)
2
: 0 ≤ i ≤ m, 0 ≤ j ≤ n


.
Note that the triangular kagome´ lattice is the line graph of the 3.12.12 lattice and TKLt(m,n)
is a 4-regular graph with 9(m+ 1)(n + 1) vertices.
Consequently, we can easily get the following Theorem.
Theorem 4.6 For TKLt(m,n), TKLc(m,n) and TKLf(m,n) with toroidal, cylindrical, and free
boundary conditions. Then
1. lim
m→∞
lim
n→∞
LEL(TKLt(m,n))
9(m+ 1)(n + 1)
= lim
m→∞
lim
n→∞
LEL(TKLc(m,n))
9(m+ 1)(n + 1)
= lim
m→∞
lim
n→∞
LEL(TKLf (m,n))
9(m+ 1)(n + 1)
≈ 1.7082.
2. LEL
(
TKLt(m,n)
)
= LEL
(
TKLc(m,n)
)
= LEL
(
TKLf (m,n)
)
≈ 15.3738(m + 1)(n + 1).
Proof. By definitions of TKLt(m,n), TKLc(m,n) and TKLf (m,n), one can know that
TKLc(m,n) and TKLf (m,n) are spanning subgraphs of TKLt(m,n). Furthermore, the degree of
almost all vertices of TKLt(m,n), TKLc(m,n) and TKLf(m,n) are 4. Therefore, by Theorem 3.6
it is not difficult to arrive to that
lim
m→∞
lim
n→∞
LEL
(
TKLt(m,n)
)
9(m+ 1)(n + 1)
= lim
m→∞
lim
n→∞
LEL
(
TKLc(m,n)
)
9(m+ 1)(n+ 1)
= lim
m→∞
lim
n→∞
LEL
(
TKLf (m,n)
)
9(m+ 1)(n + 1)
.
It suffices to prove that
lim
m→∞
lim
n→∞
LEL
(
TKLt(m,n)
)
9(m+ 1)(n + 1)
= lim
m→∞
lim
n→∞
1
18(m+ 1)(n + 1)
m∑
i=0
n∑
j=0
√√√√
5−
√
13− 4
√
3 + 2cosαi + 2cosβj + 2cos
(
αi + βj
)
+ lim
m→∞
lim
n→∞
1
18(m + 1)(n + 1)
m∑
i=0
n∑
j=0
√√√√
5−
√
13 + 4
√
3 + 2cosαi + 2cosβj + 2cos
(
αi + βj
)
+ lim
m→∞
lim
n→∞
1
18(m + 1)(n + 1)
m∑
i=0
n∑
j=0
√√√√
5 +
√
13− 4
√
3 + 2cosαi + 2cosβj + 2cos
(
αi + βj
)
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+ lim
m→∞
lim
n→∞
1
18(m + 1)(n + 1)
m∑
i=0
n∑
j=0
√√√√
5 +
√
13 + 4
√
3 + 2cosαi + 2cosβj + 2cos
(
αi + βj
)
+
√
3 +
√
5
9
+
√
6
3
=
1
18
∫ 1
0
∫ 1
0
√√√√
5−
√
13− 4
√
3 + 2cos2pix+ 2cos2piy + 2cos2pi
(
x+ y
)
dxdy
+
1
18
∫ 1
0
∫ 1
0
√√√√
5−
√
13 + 4
√
3 + 2cos2pix+ 2cos2piy + 2cos2pi
(
x+ y
)
dxdy
+
1
18
∫ 1
0
∫ 1
0
√√√√
5 +
√
13− 4
√
3 + 2cos2pix+ 2cos2piy + 2cos2pi
(
x+ y
)
dxdy
+
1
18
∫ 1
0
∫ 1
0
√√√√
5 +
√
13 + 4
√
3 + 2cos2pix+ 2cos2piy + 2cos2pi
(
x+ y
)
dxdy +
√
3 +
√
5
9
+
√
6
3
≈ 1.7082.
The above numerical integration value implies that TKLt(m,n), TKLc(m,n) and TKLf (m,n)
have the same asymptotic Laplacian-energy-like, i.e., LEL
(
TKLt(m,n)
)
= LEL
(
TKLc(m,n)
)
= LEL
(
TKLf (m,n)
)
≈ 15.3738(m + 1)(n + 1) as m,n tends to infinity. 
4.4 The 33.42 lattice
The 33.42 lattice with toroidal boundary condition, denoted by M t(n, 2m), can be constructed by
starting with a 2m× n square lattice and adding a diagonal edge connecting the vertices, i.e., the
upper left to the lower right corners of each square in every other row as shown in Figure 2(c), where
a1 = b1, a2m = b
∗
1, a
∗
1 = bn, a
∗
2m = b
∗
n, and (a1, a
∗
1), (a2, a
∗
2), . . . , (a2m, a
∗
2m), (b1, b
∗
1), (b2, b
∗
2), . . . , (bn, b
∗
n),
(a1, a
∗
2), (a3, a
∗
4), . . . , (a2m−2, a
∗
2m) are edges in M
t(n, 2m).
Let A(C2m) be the adjacency matrix of cycle C2m, using the result in [1],the adjacency matrix
A(M t(n, 2m)) of M t(n, 2m) has the following form by a suitable labelling of vertices of M t(n, 2m):
A
(
M t(n, 2m)
)
=


A(C2m) I2m + F2m 0 . . . 0 I2m + F
T
2m
I2m + F
T
2m A(C2m) I2m + F2m . . . 0 0
0 I2m + F
T
2m A(C2m) . . . 0 0
...
...
. . .
. . .
. . .
...
0 0 0 . . . A(C2m) I2m + F2m
I2m + F2m 0 0 . . . I2m + F
T
2m A(C2m)


n×n
Notice that M t(n, 2m) is an r-regular graph. Let L(M t(n, 2m)) be the Laplacian matrix of
M t(n, 2m), it is not difficult to obtain that L(M t(n, 2m)) is similar to the block diagonal matrix
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whose diagonal blocks are
Lij =
(
5− ωin − ω−in −1− ω−in − ωjm
−1− ωin − ω−jm 5− ωin − ω−in
)
where ωs = cos
2pi
s
+ isin2pi
s
, i = 0, 1, . . . ,m− 1; j = 0, 1, . . . , n − 1.
Hence the Laplacian eigenvalues of M t(n, 2m) are:
5−2cos2pii
n
±
√
3 + 2cos
2pii
m
+ 2cos
2pij
n
+ 2cos
(2pii
m
+
2pij
n
)
, i = 0, 1, . . . ,m−1; j = 0, 1, . . . , n−1.
Similarly, it is not hard to derive the following theorem.
Theorem 4.7 For the M t(n, 2m),M c(n, 2m) and Mf (n, 2m) with toroidal, cylindrical, and free
boundary conditions. Then
1. lim
m→∞
lim
n→∞
LEL
(
M t(n, 2m)
)
2mn
= lim
m→∞
lim
n→∞
LEL
(
M c(n, 2m)
)
2mn
= lim
m→∞
lim
n→∞
LEL
(
Mf (n, 2m)
)
2mn
≈ 2.1525.
2. LEL
(
M t(n, 2m)
)
= LEL
(
M c(n, 2m)
)
= LEL
(
Mf (n, 2m)
)
≈ 4.3050mn.
Proof. By the definition of the Laplacian-energy-like, we can easily get that
LEL
(
M t(n, 2m)
)
=
m−1∑
i=0
n−1∑
j=0
√
5− 2cos2pii
m
−
√
3 + 2cos
2pii
m
+ 2cos
2pij
n
+ 2cos(
2pii
m
+
2pij
n
)
+
m−1∑
i=0
n−1∑
j=0
√
5− 2cos2pii
m
+
√
3 + 2cos
2pii
m
+ 2cos
2pij
n
+ 2cos(
2pii
m
+
2pij
n
).
As an analogue to preceding proof, based on Theorem 3.6, one can get that
lim
m→∞
lim
n→∞
LEL
(
M t(n, 2m)
)
2mn
= lim
m→∞
lim
n→∞
LEL
(
M c(n, 2m)
)
2mn
= lim
m→∞
lim
n→∞
LEL
(
Mf (n, 2m)
)
2mn
.
It suffices to prove that
lim
m→∞
lim
n→∞
LEL
(
M t(n, 2m)
)
2mn
= lim
m→∞
lim
n→∞
1
2mn
m−1∑
i=0
n−1∑
j=0
√
5− 2cos2pii
n
−
√
3 + 2cos
2pii
m
+ 2cos
2pij
n
+ 2cos
(2pii
m
+
2pij
n
)
+ lim
m→∞
lim
n→∞
1
2mn
m−1∑
i=0
n−1∑
j=0
√
5− 2cos2pii
n
+
√
3 + 2cos
2pii
m
+ 2cos
2pij
n
+ 2cos
(2pii
m
+
2pij
n
)
13
=
1
2
∫ 1
0
∫ 1
0
√
5− 2cos2pix−
√
3 + 2cos2pix+ 2cos2piy + 2cos2pi(x+ y) dxdy
+
1
2
∫ 1
0
∫ 1
0
√
5− 2cos2pix+
√
3 + 2cos2pix+ 2cos2piy + 2cos2pi(x+ y) dxdy
≈ 2.1525.
The above numerical integration value implies thatM t(n, 2m), M c(n, 2m) andMf (n, 2m) have the
same asymptotic Laplacian-energy-like, i.e., LEL
(
M t(n, 2m)
)
= LEL
(
M c(n, 2m)
)
= LEL
(
Mf (n, 2m)
)
≈ 4.3050mn as m,n tends to infinity. Summing up, we complete the proof. 
Remark 4.8 In the Figure 2 each kind of graphs of three kinds of boundary conditions of graphs
have the same the asymptotic Laplacian-energy as m,n tends to infinity.
5 Concluding remarks
The calculations of some topological indexes in terms of various lattices have attracted the attention
of many physicists as well as mathematicians. In this paper, we have deduced the explicit formulae
expressing the Laplacian-energy-like of some lattices with toroidal, cylindrical, and free boundary
conditions, the explicit asymptotic values of Laplacian-energy-like in these lattices are obtained via
the applications of analysis approach with the help of calculational software.
Let {Gn} be a sequence of finite simple graphs with bounded average degree, it is difficult to
calculate its asymptotic Laplacian-energy-like directly, however, we can find a sequence of graphs
Hn with bounded average degree, which satisfies |V (Gn)| and |V (Hn)| and almost all vertices of
Gn and Hn have the same degrees. If we can formulate the asymptotic Laplacian-energy-like of Hn
immediately, then by Theorem 3.6, Gn and Hn have the same asymptotic Laplacian-energy-like.
Therefore, Theorem 3.6 provides a very effective approach to handle the asymptotic Laplacian-
energy-like of a graph with bounded average degree. For instance, dealing with the problem of the
asymptotic Laplacian-energy-like of the hexagonal lattice with the free boundary is not an easy
work but we deduced it in a simple approach.
We can convert some harder problems to easy ones and simultaneously obtain many results by
utilizing the approach. Moreover, we showed that the Laplacian-energy-like per vertex of the many
types of lattices is independent of the three boundary conditions. It is no difficulty to see that the
conclusion is true in general. Actually, the approach can be used widely to formulate the other
topological indexes of various lattices.
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